Abstract. We prove a formula conjectured by Ahrens, Gordon, and McMahon for the number of interior points for a point con guration in R d . Our method is to show that the formula can be interpreted as a sum of Euler characteristics of certain complexes associated with the point con guration, and then compute the homology of these complexes. This method extends to other examples of convex geometries. We sketch these applications, replicating an earlier result of Gordon, and proving a new result related to ordered sets.
We prove this formula in its full generality in Section 3. D. Klain 14, Proposition 6.3] has recently proven this formula independently. The work of Ahrens, et. al . is part of a larger project of extending matroid invariants to greedoids 11, 12] . Recent work has focused on generalizing Crapo's invariant, originally de ned for matroids 6], to the more general structure of a greedoid 10]. In the special case of greedoids which are convex geometries, the de nition of the invariant reduces to essentially the right-hand side of Theorem 1. 1 10] . Theorem 1.1 gives a combinatorial interpretation to the invariant of those convex geometries which are based on Euclidean point con gurations. Given this background, it is not surprising that Ahrens, et. al. use deletion-contraction arguments to establish their formula for d = 2.
Our point of view is more in the tradition of a topological approach to matroid theory 4], as we now explain. One can rewrite the right-hand side in Theorem 1.1 as follows: The latter computation is achieved by interpreting e a as the reduced Euler characteristic of a certain simplicial complex (the link of a in the simplicial complex of free sets of A), and then analyzing the topology of these complexes. In contrast, Klain 14] computes these Euler characteristics directly using valuation theory for polytopes. The paper is organized as follows. In the next section we establish some general facts from combinatorial topology and polytope theory necessary for the proof. In Section 3 we prove Theorem 1.1. Section 4 uses similar techniques to evaluate the generalized invariant for other convex geometries. Section 5 discusses some open problems.
Preliminaries
In this section we establish some background results from topological combinatorics that will be used throughout the paper. For much of this material an excellent reference is 3].
Let be an abstract simplicial complex on the nite ground set X. That is, is a collection of subsets of X, called simplices, with the property that 2 implies that 2 . For ?1 i jXj ? 1 let f i be the number of i-dimensional faces of , i.e., f i = jf 2 : j j = i + 1gj: For any x 2 X, we de ne three associated subcomplexes, the link of x in , the star of x in , and the deletion of x in by lk (x) = f ? x j x 2 2 g st (x) = f 2 j fxg 2 g del (x) = f 2 j x 6 2 g:
It is clear from the de nitions that st (x) del (x) = (1) and Let P be a poset. We can associate with P its simplicial complex of chains (P ), i.e., the collection of totally ordered subsets of P. When we speak of P having a certain topological property, we are really referring to the topology of the geometric realization of (P ). If P has both a maximum element1 and a minimum element 0, then its proper part is P = P ? f0;1g. If x 2 P then let P x = fy 2 P j y x g.
The following lemmata are essentially due to Quillen 16] . See also 3, 10.5, 10.12]. Lemma 2.2. Suppose Q and P are posets and f : Q ! P is an order-preserving map. If for all x 2 P the bers f ?1 (P x ) are contractible then f induces a homotopy equivalence between Q and P. Lemma 2.3. Let f : P ! P be an order-preserving map such that f(x) x for all x 2 P. Then f induces a homotopy equivalence between P and f(P). Remark 2.4. In our applications of Lemma 2.2, we will often let Q be a simplicial complex viewed as a partially ordered set, where the partial order on the simplices is by containment. The conclusions drawn will technically be about the order complex of this poset, which is the barycentric subdivision sd( ) of . However, it is well-known 15, Section 15] that sd( ) is homeomorphic to , so the same conclusions can be drawn about .
The last general facts that we will employ concern Gale transforms of point con gurations. Let A = fa 1 ; : : : ; a n g R d be a collection of points whose a ne span is all of R d and let conv(A) denote the polytope which is the convex hull of A. List a 1 ; : : : ; a n as columns of a matrix and append a row of ones to obtain the The poset N which appears in the previous proof is, roughly speaking, the poset of subsets of A which do not form boundary faces of conv(A). In 17] it was asked whether it has the homotopy type of a (n ? d ? 2)-sphere and not just the same homology groups. This question was answered in the a rmative by X. Dong 7] .
3. Proof of Theorem 1.1 In this section we prove the conjecture of Ahrens, et. al.. Our discussion in this section will be only in terms of the geometric structure of point con gurations in R d , although there are natural generalizations to the more abstract situation of convex geometries. We take up those more general questions in the next section.
Let A = fa 1 ; : : : ; a n g be a point con guration in R d . Given a subset A of A we From Lemma 3.3, we see that it is su cient to understand the topology of each deletion del Free (a) in order to evaluate (A). That is what we endeavor to do in the rest of this section. Let P = conv(A). We will assume that dim(P) = d and thus the interior of P is the same as its relative interior. Let bdy(P) denote the points of A lying in the boundary of conv(A), that is, bdy(P) := A ? int(A). Lemma 3.4. Let x 2 A and suppose that x 2 bdy(P). Then del Free (x) is contractible. As a consequence e (del Free (x)) = 0.
Proof. If x is on the boundary of P then it is contained in the relative interior of a unique face F of P. Let 
This follows since K 2 L implies that any free subset of K is also a free subset of A, and x 6 2 K implies that it is not in any subset of K. By Lemma 3.2, Free(K) is contractible and so we are done.
The second case is that x 2 K. Then by the de nition of CN(x), we have x 2 bdy(conv(K)). From this we conclude that 
Convex geometries
In this section we discuss generalizations of Theorem 1.1 to more general convex geometries. Most of the framework discussed in Section 3 goes through for general convex geometries, but we lack at the moment completely general versions of Lemma 3.4 or Lemma 3.5. We can, however, prove analogues of these lemmata for other speci c examples of convex geometries.
We begin with a brief description of the theory of convex geometries. For a more detailed introduction see 8], whose notation we follow. Let X be a nite set, and L a collection of subsets of X that contains ? and X and is closed under intersection.
We can alternatively think of L as a closure operator on X de ned by
The subsets in L or, equivalently, those subsets A of X such that L(A) = A will be called convex sets. We will say that L is anti-exchange if given any convex set C, and two unequal points p and q in X, neither in C, one has that q 2 L(K fpg) ) p 6 2 L(C fqg): A collection L of convex sets that is anti-exchange will be called a convex geometry. Let L(L) be the lattice of convex sets of L ordered by containment. Some examples of convex geometries are Point con gurations: The collection of convex subsets of a point set A in R d (as described in the previous section) is a convex geometry, with X = A. Order convex sets: Let Q be a poset, and for any subset A Q de ne C Q (A) = fq 2 Q j 9 a; a 0 2 A; a q a 0 g: The closure C Q is anti-exchange, and we call the associated convex geometry with X = Q the order convex sets of Q, denoted C Q . Chordal graphs: Let G be a chordal graph on a vertex set V . That is, G is a graph such that every cycle of length longer than 4 has a chord. A subset C of V will be called m-convex if it contains every vertex on every chordless path between vertices in C. The collection L(G) of m-convex sets of a chordal graph is a convex geometry, with X = V 9].
If C is a convex set in a convex geometry L, a point x 2 C is called an extreme point of C if x 6 2 L(C ?x). We denote the set of extreme points of C by ex(C). We will call a convex set free if ex(C) = C. The set of free sets of a convex geometry form a simplicial complex which we denote Free(L). The following lemmata are direct generalizations of Lemma 3.1 and Lemma 3.2. 
Although we do not have a uniform way of computing (L) for all convex geometries, we can use the framework we have established to evaluate it for the examples of convex geometries we described above. We sketch those arguments here.
4.1. Order convex sets. Let Q be a poset and C Q be the collection of order convex sets of Q. We call an element q 2 Q a bottleneck if q is comparable to every element of Q, but q is neither a maximum nor a minimum element.
Lemma 4.3. Let Free = Free(C Q ) be the free sets of the convex geometry of order convex sets of Q. Then del Free (q) has the homotopy type of the 0-sphere if q is a bottleneck, and is contractible otherwise.
Sketch of Proof. If q is a bottleneck de ne Q >q ( resp. Q <q ) to be the points in Q strictly bigger than (resp. less than) q. It is easy to check that lk Free (q) is the disjoint union of the two (non-empty) complexes Free(C Q>q ) and Free(C Q<q ), each of which is contractible by Lemma 3.2. Hence del Free (q) has the homotopy type of the 0-sphere.
If q is not a bottleneck, then there are two possibilities. On the one hand, q might be a maximum or minimum element, in which case it is easy to see that del Free (q) is the same as Free(C Q?fqg ), and hence is contractible by Lemma 3.2.
If q is not a bottleneck and is also neither a maximum nor a minimum element of Q, then there exist elements of Q which are bigger than q, smaller than q, and incomparable to q. De Recall that a block of a graph is a maximal subgraph which contains no cutvertex. We denote by b(G) the number of blocks in the graph G. 5. Open problems In this section we discuss some open problems aimed toward generalizing Theorem 1.1 to all convex geometries. As a rst step in this direction we formulate a conjecture that generalizes Lemma 3.4 for all convex geometries. Let L be a convex geometry on the ground set X. A subset A of X will be called independent if a 6 2 L(A ? a) for all a 2 A. We will say that x depends on y if there exists an independent set A such that y 2 A, x 2 L(A) but x 6 2 L(A?y). Let Dep(x) be the set of all points y such that x depends on y. The situation in which Dep(x) = X includes the following as special cases x 2 int(A) for a point con guration, x is a bottleneck of a poset, x is a vertex for which c(v) = 1 in a chordal graph. 
